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[4, 6] Smith special homology
Borsuk-Ulam
Smith special homology, cohomology
Borsuk-Ulam
[2]
2 Smith special homology cohomology
$k$ 2 $C_{k}$ $k$ $R=Z$







$\rho=\beta^{i}(1\leqq i\leqq k-1)$ $\rho=\alpha$ $\rho S(X;R)$
$q$ $\rho\partial=\partial\rho$ , $(\partial$ $S(X;R)$ boundary
operator), $\rho S(X;R)$ $S(X;R)$ $\rho S(X;R)$
homology $H_{*}^{\rho}(X;R)$ Smith special homology
$Hom(\rho S(X), R)$ cohomology Smith
special cohomology
$X,$ $Y$ $C_{k}$ $f:Xarrow Y$
$C_{k}$ $f_{\#}(\rho S(X;R))\subset\rho S(Y;R)$
Smith special homology $f$
$f_{*}:H_{*}^{\rho}(X;R)arrow H_{*}^{\rho}(Y;R)$ Smith special cohomology
$f^{*}:H_{\rho}^{*}(Y;R)arrow H_{\rho}^{*}(X;R)$
1816 2012 103-111 103
Smith special homology cohomology $t$ $\rho=\alpha$
$2.1([1,3,5])$ . $q$
$H_{q}^{\alpha}(X;R)\cong H_{q}(X/C_{k};R) , H_{\alpha}^{q}(X;R)\cong H^{q}(X/C_{k;}R)$ .
homology cohomology
2.2([1,3,5]).
$0arrow\alpha S(X;R)arrow iS(X;R)arrow\beta\beta S(X;R)arrow 0,$
$0arrow\beta S(X;R)arrow jS(X;R)arrow\alpha\alpha S(X;R)arrow 0.$
2.3([1,3,5]).
. . . $arrow H_{q}^{\alpha}(X;R)arrow iH_{q}(X;R)arrow\beta H_{q}^{\beta}(X;R)arrow\delta H_{q-1}^{\alpha}(X;R)arrow\cdots,$
. . . $arrow H_{q}^{\beta}(X;R)arrow iH_{q}(X;R)arrow\alpha H_{q}^{\alpha}(X;R)arrow\delta H_{q-1}^{\beta}(X;R)arrow\cdots$
$k=p$ ($p$ ) $R=Z$/p$Z($ $Z/pZ$ $Z/p$ $)$
$C_{p}$ $g$
$i$
$(-1)^{i}(\begin{array}{ll}p -1 i\end{array})\equiv 1 (mod p)$
$R[C_{p}]$ $\beta^{p-1}=\alpha$ $\rho=\beta^{i}$
$\overline{\rho}=\beta^{p-i}$
$0arrow\overline{\rho}S(X;Z/p)arrow iS(X;Z/p)arrow\rho\rho S(X;Z/p)arrow 0,$
$2.4([1,3,5])$ . $X$ $C_{p}$





. . . $arrow H_{q}^{\alpha}(X;Z/p)arrow H_{q}^{\beta^{i}}(X;Z/p)arrow\beta H_{q}^{\beta^{i+1}}(X;Z/p)arrow H_{q-1}^{\alpha}(X;Z/p)arrow\cdots$
3 $BC_{p}$ Smith special homology cohomology
$C_{p}$ $\pi:EC_{p}arrow BC_{p}$ $EC_{p}$ Smith special ho-
mology cohomology $H_{*}^{\alpha}(EC_{p};R)\cong H_{*}(BC_{p};R)$ ,
$H_{\alpha}^{*}(EC_{p};R)\cong H^{*}(BC_{p};R)$ $H_{*}^{\alpha}(EC_{P};R),$ $H_{\alpha}^{*}(EC_{p};R)$
$H_{*}(BC_{p};R),$ $H^{*}(BC_{p};R)$ $BC_{p},$ $EC_{p}$
$BC_{p}=\overline{e}_{0}\cup\overline{e}_{1}\cup\cdots$ $\overline{e}_{n}\cup\cdots$
$EC_{p}=e_{0}\cup ge_{0}\cup\cdots\cup g^{n-1}e_{0}\cup e_{1}\cup ge_{1}\cup\cdots\cup g^{n-1}e_{1}\cup\cdots$
. . . $\cup e_{n}\cup ge_{n}\cup\cdots\cup g^{n-1}e_{n}\cup\cdots$
$(\pi(e_{n})=e_{n}^{-})$ $CW$- homology
$\partial e_{n}=\{\begin{array}{ll}e_{n-1}+ge_{n-1}+\cdots+g^{p-1}e_{n-1} ( n )e_{n-1}-ge_{n-1} ( n )\end{array}$
$\partial\overline{e}_{n}=\{\begin{array}{ll}p\overline{e}_{n-1} ( n n\neq 0 )0 ( n )\end{array}$
3.1.
$H_{n}^{\alpha}(EC_{p};Z)\cong H_{n}(BC_{p};Z)\cong\{\begin{array}{ll}Z (n=0 )Z/p ( n )0 ( n n\neq 0 )\end{array}$
$H_{n}^{\alpha}(EC_{p};Z/p)\cong H_{n}(BC_{p};Z)\cong Z/p.$




. . $.arrow H_{n}(EC_{p};R)arrow\alpha H_{n}^{\alpha}(EC_{p};R)arrow\delta H_{n-1}^{\beta}(EC_{p};R)arrow\cdots$
$H_{n}(EC_{p};R)$ $n\geqq 1$ $0$ $n\geqq 2$ $H_{n}^{\alpha}(EC_{p};R)\cong$




$H_{n}^{\beta}(EC_{p};Z)\cong\{\begin{array}{ll}Z/p ( n l\grave{}\grave {}lff\mathscr{X} )0 ( n )\end{array}$
$H_{n}^{\beta}(EC_{p};Z/p)\cong Z/p.$
$H_{\beta}^{n}(EC_{p};Z)\cong\{\begin{array}{ll}0 ( n )Z/p ( n )\end{array}$
$H_{\beta}^{n}(EC_{p};Z/p)\cong Z/p.$




$H_{\rho}^{n}(EC_{p};Z/p)\cong Z/p, H_{\rho}^{n}(EC_{p};Z/p)\cong Z/p.$
2.5
. . . $arrow H_{0}^{\alpha}(EC_{p};Z/p)arrow H_{0}^{\beta^{i}}(EC_{p};Z/p)arrow\beta H_{0}^{\beta^{i+1}}(EC_{p};Z/p)arrow 0$
$H_{0}^{\beta^{i}}(EC_{p};R)arrow H_{0}^{\beta^{i+1}}(EC_{p};R)$ $i$
$1=\dim H_{0}^{\beta}(EC_{p};Z/p)\geqq\dim H_{0}^{\beta^{2}}(EC_{p};Z/p)\geqq$
. . . $\geqq\dim H_{0}^{\beta^{p-1}}(EC_{p};Z/p)=\dim H_{0}^{\alpha}(EC_{p};Z/p)=1.$
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$i(1\leqq i\leqq p-1)$ $H_{0}^{\beta^{i}}(EC_{p};Z/p)\cong Z/p$
2.4
. $arrow H_{n}(EC_{p};Z/p)arrow H_{n}^{\beta^{i}}(EC_{p};Z/p)$
$arrow H_{n-1}^{\beta^{p-i}}(EC_{p};Z/p)arrow H_{n-1}(EC_{p};Z/p)arrow\cdots$
$i(1\leqq i\leqq p-1)\ovalbox{\tt\small REJECT}$
$H_{0}(EC_{p};Z/p)arrow H_{0}^{\beta^{i}}(EC_{p};Z/p)$ $n\geqq 1$
$H_{n}(EC_{p};Z/p)=0$
$n$ $H_{n}^{\beta^{i}}(EC_{p};Z/p)\cong Z/p$ $i(1\leqq i\leqq p-1)$
cohomology $I$
2.5
. $..arrow H_{n}^{\alpha}(EC_{p};Z/p)arrow H_{n}^{\beta^{i}}(EC_{p};Z/p)arrow\betaH_{n}^{\beta^{i+1}}(EC_{p};Z/p)arrow\cdots$
3.3. homology $Z/p$
3.4. (1) $i_{*}:H_{n}^{\alpha}(EC_{p};Z/p)arrow H_{n}^{\beta^{i}}(EC_{p};Z/p)$ $n$
$n$
(2) $\beta:H_{n}^{\beta^{i}}(EC_{p};Z/p)arrow H_{n}^{\beta^{i+1}}(EC_{p};Z/p)$ $n$
$n$
cohomology
(1’) $i^{*}:H_{\beta^{i}}^{n}(EC_{p};Z/p)arrow H_{\alpha}^{n}(EC_{p};Z/p)$ $n$ $n$
(2’) $\beta^{*}:H_{\beta^{i+1}}^{n}(EC_{p};Z/p)arrow H_{\beta^{i}}^{n}(EC_{p};Z/p)$ $n$
$n$
4 Smith special cohomology





4.1. $p$ $n$ $S^{n}$ $C_{p}$
$f:S^{n}arrow EC_{p}$ $f$ $\overline{f}:S^{n}/C_{p}arrow$
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$BC_{p}$ cohomology $\overline{f}^{*}$ : $H^{n}(BC_{p};Z/p)arrow H^{n}(S^{n}/C_{p};Z/p)$
$n$ $n$ $C_{p}$
4.1 cohomology $Z/pZ$
$H^{n}(BC_{p})\cong H_{\alpha}^{n}(EC_{p}),$ $H^{n}(S^{n}/C_{p})\cong H_{\alpha}^{n}(S^{n})$





















. . . $arrow$ $H_{\beta}^{n-1}(EC_{p})$ $arrow\delta$ $H_{\alpha}^{n}(EC_{p})$ $arrow\alpha^{*}$ $H^{n}(EC_{p})$ $arrow i^{*}$ $H_{\beta}^{n}(EC_{p})$ $arrow\cdots$
$f_{\beta}^{*}\downarrow f_{\alpha}^{*}\downarrow f^{*}\downarrow f_{\beta}^{*}\downarrow$
. . $arrow$ $H_{\beta}^{n-1}(S^{n})$ $arrow^{\delta}$ $H_{\alpha}^{n}(S^{n})$ $arrow\alpha^{*}$ $H^{n}(S^{n})$ $arrow i^{*}$ $H_{\beta}^{n}(S^{n})$ $arrow\cdots$
$(\alpha^{*})^{0}$ : $H_{\alpha}^{0}(S^{n})arrow H^{0}(S^{n})$ $(\alpha^{*})^{0}$ :





















. . . $arrow$ $H_{\alpha}^{n-1}(EC_{p})$ $arrow\delta’$ $H_{\beta}^{n}(EC_{p})$ $arrow\beta^{*}$ $H^{n}(EC_{p})$ $arrow j^{*}$ $H_{\alpha}^{n}(EC_{p})$ $arrow\cdots$
$f_{\alpha}^{*}\downarrow f_{\beta}^{*}\downarrow f^{*}\downarrow f_{\alpha}^{*}\downarrow$
. . . $arrow$ $H_{\alpha}^{n-1}(S^{n})$ $arrow\delta’$ $H_{\beta}^{n}(S^{n})$ $arrow\beta^{*}$ $H^{n}(S^{n})$ $arrow j^{*}$ $H_{\alpha}^{n}(S^{n})$ $arrow\cdots$
$(f_{\beta}^{*})^{0}:H_{\beta}^{0}(EC_{p})arrow H_{\beta}^{0}(S^{n})$
$n>1$ $H^{1}(S^{n})=0$ $(i^{*})^{0}=0$ $(\delta)^{1}$ : $H_{\beta}^{0}(S^{n})arrow H_{\alpha}^{1}(S^{n})$
$(\delta’)^{1}$ : $H_{\alpha}^{0}(S^{n})arrow H_{\beta}^{1}(S^{n})$
$(\delta)^{1}:H_{\beta}^{0}(EC_{p})arrow H_{\alpha}^{1}(EC_{p})$ $(\delta’)^{1}:H_{\alpha}^{0}(EC_{p})arrow H_{\beta}^{1}(EC_{p})$
$(f_{\alpha}^{*})^{1}\circ(\delta)^{1}=(\delta)^{1}\circ(f_{\beta}^{*})^{0}$ $(f_{\beta}^{*})^{1}\circ(\delta’)^{1}=(\delta’)^{1}\circ(f_{\alpha}^{*})^{0}$
$(f_{\alpha}^{*})^{1}:H_{\alpha}^{1}(EC_{p})arrow H_{\alpha}^{1}(S^{n})$ $(f_{\beta}^{*})^{1}:H_{\beta}^{1}(EC_{p})arrow H_{\beta}^{1}(S^{n})$
$(H_{\alpha}^{1}(S^{n})\cong H_{\beta}^{1}(S^{n})\cong Z/p$ $)$ .
($n=1$ )0 $\leqq k\leqq n-1$
$(f_{\alpha}^{*})^{k}:H_{\alpha}^{k}(EC_{p})arrow H_{\alpha}^{k}(S^{n})$ $(f_{\beta}^{*})^{k}:H_{\beta}^{k}(EC_{p})arrow H_{\beta}^{k}(S^{n})$
$(H_{\alpha}^{k}(S^{n})\cong H_{\beta}^{k}(S^{n})\cong Z/p$ $)$ .
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2$0arrow H_{\beta}^{n-1}(S^{n})arrow\delta H_{\alpha}^{n}(S^{n})arrow\alpha^{*}H^{n}(S^{n})arrow H_{\beta}^{n}(S^{n})j^{*}arrow 0$
$0arrow H_{\alpha}^{n-1}(S^{n})arrow\delta’H_{\beta}^{n}(S^{n})arrow H^{n}(S^{n})\beta^{*}arrow H_{\alpha}^{n}(S^{n})j^{*}arrow 0$
$H_{\alpha}^{n}(S^{n})\cong Z/p,$ $H_{\beta}^{n}(S^{n})\cong Z/p$
$\delta:H_{\beta}^{n-1}(S^{n})arrow H_{\alpha}^{n}(S^{n})$ $(f_{\beta}^{*})^{n-1}$ : $H_{\beta}^{n-1}(EC_{p})arrow H_{\beta}^{n-1}(S^{n})$
$(f_{\alpha}^{*})^{n}\circ(\delta)^{n}=(\delta)^{n}\circ(f_{\beta}^{*})^{n-1}$
$(f_{\alpha}^{*})^{n}:H_{\alpha}^{n}(EC_{p})arrow H_{\alpha}^{n}(S^{n})$ . $I$
$C_{p}$- Borsuk-Ulam
4.2. $P$ $S^{m},$ $S^{n}$ $C_{p}$
$f:S^{m}arrow S^{n}$ $m\leqq n$
$f:S^{m}arrow S^{n}$ $g:S^{n}arrow EC_{p}$









$4.4([2])$ . $X$ $C_{p}$
$H^{n}(X;Z/p)=0$ $f;Xarrow EC_{p}$ $(\overline{f}^{*})^{n}\neq 0;H^{n}(BC_{p};Z/p)arrow$
$H^{n}(X/C_{p};Z/p)$ (f $*$ )n$+$ l: $H^{n+1}(BC_{p};Z/p)arrow H^{n+1}(X/C_{p};Z/p)$
$n$ 3.4 $i^{*}:H_{\beta}^{n}(EC_{p};Z/p)arrow H_{\alpha}^{n}(EC_{p};Z/p)$
$(\overline{f}^{*})^{n}\neq 0:H^{n}(BC_{p};Z/p)arrow H^{n}(X/C_{p};Z/p)$ $(f_{\alpha}^{*})^{n}\neq 0.$

































$\delta x:H_{\beta}^{n}(X;Z/p)arrow H_{\alpha}^{n+1}(X;Z/p)$ $(f_{\alpha}^{*})^{n+1}=$
$0$ $(f_{\alpha}^{*})^{n+1}\circ\delta^{n+1}=\delta_{X}^{n+1}\circ(f_{\beta}^{*})^{n}$ $(f_{\beta}^{*})^{n}=0$
$0arrow Zarrow pZarrow Z/parrow 0$
. . . $arrow$ $H_{\beta}^{n}(EC_{p};Z)$ $arrow$ $H_{\beta}^{n}(EC_{p};Z/p)$
$\tilde{f}_{\beta}^{*}\downarrow f_{\beta}^{*}\downarrow$
. . . $arrow$ $H_{\beta}^{n}(X;Z)$ $arrow$ $H_{\beta}^{n}(X;Z/p)$
$arrow$ $H_{\beta}^{n+1}(EC_{p};Z)$ $arrow$ $H_{\beta}^{n+1}(EC_{p};Z)$ $arrow$ $H_{\beta}^{n+1}(EC_{p};Z/p)$ $arrow$
(1) $\tilde{f}_{\beta}^{*}\downarrow$ $\tilde{f}_{\beta}^{*}\downarrow$ (2) $f_{\beta}^{*}\downarrow$
$arrow$ $H_{\beta}^{n+1}(X;Z)$ $arrow$ $H_{\beta}^{n+1}(X;Z)$ $arrow$ $H_{\beta}^{n+1}(X;Z/p)$ $arrow$
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$(f_{\beta}^{*})^{n+1}\neq 0$ $(\tilde{f}_{\beta}^{*})^{n+1}:H_{\beta}^{n+1}(X;Z)arrow H_{\beta}^{n+1}(X;Z)$
(1)
$n$ $(f_{\alpha}^{*})^{n+1}\neq 0$
$(f_{\alpha}^{*})^{n+1}\neq 0$ $(\overline{f}^{*})^{n+1}:H^{n+1}(BC_{p};Z/p)arrow H^{n+1}(X/C_{p};Z/p)$
1
$X$ $n$ Borsuk-Ulam
4.5. $X$ $C_{p}-CW$ $H^{n}(X;Z/p)=0$
$f:X/C_{p}arrow BC_{p}$ $(f^{*})^{n}:H^{n}(BC_{p};Z/p)arrow$
$H^{n}(X/C_{p};Z/p)$ $(f^{*})^{n}\neq 0$ $C_{p}$
$S^{m}$ $C_{p}$ $g:Xarrow S^{m}$ $m\geqq n+1$
$C_{p}$ $h:S^{m}arrow EC_{p}$ $C_{p}$ hog: $Xarrow EC_{p}$
$((\overline{h\circ g})^{*})^{n}\neq$
$0:H^{n}(BC_{p};Z/p)arrow H^{n}(X/C_{p};Z/p)$ $H^{n}(X;Z/p)=0$
$(\overline{g}^{*})^{n+1_{O}}(\overline{h}^{*})^{n+1}=((\overline{h\circ g})^{*})^{n+1}\neq 0$ . $H^{n+1}(S^{m}/C_{p};Z/p)\neq 0$
$m\geqq n+1$ $I$
References
[1] G. E. Bredon, Introduction to compact transformation groups. Pure and Applied
Mathematics, Vol. 46. Academic Press, 1972.
[2] Y. Hara and D. Kishimoto, Borsuk-Ulam theorem and weights of cohomology classes,
preprint
[3] K. Kawakubo, The theory of transformation groups. Oxford University Press, 1991.
[4] I. Nagasaki, T. Kawakami, Y. Hara and F. Ushitaki, The Smith homology and Borsuk-
Ulam type theorems, Far East J. Math. Sci. 38(2010), no. 2, 205-216.
[5] W. T. Wu, $A$ theory of imbedding, immersion, and isotopy of polytopes in a euclidean
space. Science Press, Peking 1965.
[6] The Smith homology anda generalized Borsuk-
Ulam Theorem, 1670 (2009), 34-39
111
